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TRANSPOSED POISSON ALGEBRAS, NOVIKOV-POISSON ALGEBRAS
AND 3-LIE ALGEBRAS
CHENGMING BAI, RUIPU BAI, LI GUO, AND YONG WU
Abstract. We introduce a dual notion of the Poisson algebra by exchanging the roles of
the two binary operations in the Leibniz rule defining the Poisson algebra. We show that
the transposed Poisson algebra thus defined not only shares common properties of the Pois-
son algebra, including the closure under taking tensor products and the Koszul self-duality
as an operad, but also admits a rich class of identities. More significantly, a transposed
Poisson algebra naturally arises from a Novikov-Poisson algebra by taking the commuta-
tor Lie algebra of the Novikov algebra. Consequently, the classic construction of a Poisson
algebra from a commutative associative algebra with a pair of commuting derivations has
a similar construction of a transposed Poisson algebra when there is one derivation. More
broadly, the transposed Poisson algebra also captures the algebraic structures when the
commutator is taken in pre-Lie Poisson algebras and two other Poisson type algebras.
Furthermore, the transposed Poisson algebra improves two processes in [17] that produce
3-Lie algebras from Poisson algebras with a strongness condition. When transposed Pois-
son algebras are used in one process, the strongness condition is no longer needed and the
resulting 3-Lie algebra gives a transposed Poisson 3-Lie algebra. In the other process, the
resulting 3-Lie algebra is shown to again give a transposed Poisson 3-Lie algebra.
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1. Introduction
This paper studies a variation of the well-known Poisson algebra in which the Leibniz rule
of the Lie bracket on the commutative associative multiplication is replaced by a rescaling
of the Leibniz rule of the commutative associative multiplication on the Lie bracket.
We first recall the definition of a Poisson algebra.
Definition 1.1. Let L be a vector space equipped with two bilinear operations
·, [ , ] : L⊗ L→ L.
The triple (L, ·, [ , ]) is called a Poisson algebra if (L, ·) is a commutative associative
algebra and (L, [ , ]) is a Lie algebra that satisfy the compatibility condition
[x, y · z] = [x, y] · z + y · [x, z], ∀x, y, z ∈ L. (1)
Eq. (1) is called the Leibniz rule since the adjoint operators of the Lie algebra are
derivations of the commutative associative algebra.
Poisson algebras arose from the study of Poisson geometry [32, 44] in the 1970s and has
appeared in an extremely wide range of areas in mathematics and physics, such as Poisson
manifolds [11, 31, 45], algebraic geometry [7, 23, 40], operads [20, 25, 35], quantization
theory [27, 29], quantum groups [13, 16], and classical and quantum mechanics [2, 14, 39].
The study of Poisson algebras also led to other algebraic structures, such as noncommu-
tative Poisson algebras [46], Jacobi algebras (also called generalized Poisson algebras) [1,
12, 28, 32], Gerstenhaber algebras and Lie-Rinehart algebras [22, 30, 33, 41]. Especially
interesting is the notion of a Novikov-Poisson algebras [8, 47] arising from giving a tensor
product structure to the important notion of a Novikov algebra in connection with the Pois-
son brackets of hydrodynamic type [6] and Hamiltonian operators in the formal variational
calculus [21].
The Novikov-Poisson algebra [47] is obtained from replacing the Lie bracket in a Poisson
algebra by the Novikov algebra product, and replacing the Leibniz rule (1) by certain
compatibility conditions. As a Lie-admissible algebra, taking commutators in a Novikov
algebra gives a Lie algebra. Thus it is natural to expect that taking commutators in
the Novikov product of a Novikov-Poisson algebra gives a Poisson algebra. It came as a
surprise for us to discover that this is not the case, but rather a “dual” structure of the
Poisson algebra in the sense that the compatibility condition, or Leibniz rule in Eq (1)
of a Poisson algebra is modified by exchanging the roles of the two binary operations
(commutative associative and Lie operations). Even more unexpected is the fact that the
multiplication operators of the commutative associative algebra are a rescaling of derivations
of the Lie algebra, rather than the derivations themselves. This motivated us to introduce
the following notion.
Definition 1.2. Let L be a vector space equipped with two bilinear operations
·, [ , ] : L⊗ L→ L.
The triple (L, ·, [ , ]) is called a derivation-transposed Poisson algebra or transposed
Poisson algebra in short if (L, ·) is a commutative associative algebra and (L, [ , ]) is a
Lie algebra that satisfy the following compatibility condition
2z · [x, y] = [z · x, y] + [x, z · y], ∀x, y, z ∈ L. (2)
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Eq. (2) is called the transposed Leibniz rule because the roles played by the two
binary operations in the Leibniz rule in a Poisson algebra are switched. Further, the
resulting operation is rescaled by introducing a factor 2 on the left hand side.
In this paper we present three aspects of transposed Poisson algebras that demonstrate
that, despite the unusual appearance of the identity (2), the new structure has very good
properties at the levels of algebras, operads and categories, and is the right algebraic struc-
ture to expect in connection with several important algebraic structures including Novikov-
Poisson algebras, 3-Lie algebras, as well as Poisson algebras.
First in Section 2, we consider basic properties, examples and identities of transposed
Poisson algebras. The notion of a Poisson algebra was motivated by the action of commuting
derivations from geometry and mechanics. The notion of a transposed Poisson algebra also
has similar examples from classical analysis. In particular, for a commutative associative
algebra (L, ·) with a derivation D, define the Lie bracket by (see Proposition 2.2)
[x, y] = x ·D(y)− y ·D(x), ∀x, y ∈ L. (3)
Then (L, ·, [ , ]) is a transposed Poisson algebra. Further, as one of the important properties
of Poisson algebras, there exists a natural Poisson algebra structure on the tensor product
space of two Poisson algebras which overcomes the lack of such a property for Lie algebras.
The transposed Poisson algebra also has this property (Theorem 2.8). A remarkable prop-
erty of the Poisson algebra is the Koszul self-duality of its operad, which is shared by the
transposed Poisson algebra (Proposition 2.10). On the other hand, while both the Poisson
algebra and transposed Poisson algebra are built from a commutative associative operation
and a Lie operation, the coupling relations of the two operations in the two algebras are or-
thogonal in a suitable sense (Proposition 2.11). Furthermore, transposed Poisson algebras
possess an intriguing class of algebraic identities (Theorem 2.5), some of which turn out to
be critical for existing algebraic structures studied later in the paper.
The second important aspect of the transposed Poisson algebra is its close relationship
with several other algebraic structures akin to the Poisson algebra, as presented in Sec-
tion 3. As noted above, taking the commutator in a Novikov-Poisson algebra gives rise to a
transposed Poisson algebra. Another important Lie-admissible algebra, which is also more
general than the Novikov algebra, is the pre-Lie algebra, as the fundamental algebraic struc-
ture in many fields in mathematics and mathematical physics, such as differential geometry,
deformation theory, operads, vertex algebras, quantum field theory, symplectic structures
and phase spaces, just to name a few (see [10] and the references therein). From the study
of Hopf algebras of rooted trees in quantum field theory and control theory, as well as of
F -manifolds [19, 34, 15], the pre-Lie commutative algebra was introduced, to consist of a
commutative associative operation and a pre-Lie operation whose compatibility conditions
are still given by the Leibniz rule, that is, the left multiplication operators of the pre-Lie
algebra are derivations of the commutative associative algebra. In this sense, the pre-Lie
commutative algebra is very similar to the Poisson algebra. Another related structure is
the so-called differential Novikov-Poisson algebras introduced in [8].
To provide a uniform approach, we introduce the notion of a pre-Lie Poisson algebra
by replacing the Lie bracket in a Poisson algebra with the pre-Lie product and replacing
the Leibniz rule (1) in a Poisson algebra by compatibility conditions similar to those of
the Novikov-Poisson algebra. Novikov-Poisson algebras and differential Novikov-Poisson
algebras are pre-Lie Poisson algebras, as are the pre-Lie commutative algebras under a
4 CHENGMING BAI, RUIPU BAI, LI GUO, AND YONG WU
suitable condition. We show that taking the commutator in a pre-Lie Poisson algebra gives
rise to a transposed Poisson algebra (Proposition 3.10). Consequently, the same is true for a
pre-Lie commutative algebra with the above condition and for a differential Novikov-Poisson
algebra, as well as for a Novikov-Poisson algebra.
The third aspect for the importance of the transposed Poisson algebra is that it fits par-
ticularly nicely with various 3-Lie algebras or n-Lie algebras, as demonstrated in Section 4.
The notions of a 3-Lie algebra or more generally an n-Lie algebra are the n-ary general-
izations of a Lie algebra [18] and have played vital roles in many fields in mathematics
and physics [38, 43]. Thus it is important to construct 3-Lie algebras or more generally,
n-Lie algebras, from Lie algebras or from n-Lie algebras in smaller arities. The Poisson
or Poisson-like structures are instrumental for such constructions. In [17], for any n-Lie
algebras n ≥ 2, the notion of a Poisson n-Lie algebra (called n-Lie-Poisson there) was
introduced, recovering the Poisson algebra when n = 2 (also see [24, 36, 42]). With an
additional “strongness” condition, a Poisson n-Lie algebra with a derivation can be used to
construct an (n+ 1)-Lie algebra.
It is fascinating to note that this strongness condition for n = 2 is actually an identity
holding automatically for any transposed Poisson algebra. In fact, the same construction of
a 3-Lie algebra can be provided by any transposed Poisson algebra with a derivation, with
no constraints (Theorem 4.5). In addition, this resulted 3-Lie algebra and the commutative
associative algebra satisfy the following ternary analog of the compatibility condition in
Eq. (2):
3u · [x, y, z] = [x · u, y, z] + [x, y · u, z] + [x, y, z · u], ∀ x, y, z, u ∈ L,
which motivates us to introduce the notion of a transposed Poisson 3-Lie algebra. Such an
ascending process is expected to continue for transposed Poisson n-Lie algebras with any
n ≥ 3 and is formulated in Conjecture 4.9. Incidently, by putting into such a framework, the
dilation factor 2 in the transposed Leibniz rule (2) has a natural interpretation as the arity
2 of the Lie bracket. By a similar process, transposed Poisson algebras with an involutive
endomorphism also give rise to 3-Lie algebras (Theorem 4.10).
Finally, 3-Lie algebras can also be derived from strong Poisson algebras without any
additional structures [17]. We show that, in the resulting 3-Lie algebras, the compatibility
condition of the 3-Lie product and the commutative associative product of the Poisson
algebra is the one for a transposed Poisson 3-Lie algebra (Theorem 4.14). In fact, only
under strict constraints, can the compatibility condition also be the one for a Poisson 3-Lie
algebra (Remark 4.18).
Notations. Throughout the paper, the base field K are assumed to be characteristic
zero. To simplify notations, the commutative associative multiplication · will usually be
suppressed unless emphasis is needed.
2. Identities and properties of transposed Poisson algebras
This section presents examples, identities and basic properties of transposed Poisson
algebras.
2.1. Preliminary examples and classifications of transposed Poisson algebras.
We first give some preliminary examples of transposed Poisson algebras and a classification
of complex transposed Poisson algebras in dimension 2. More examples will be provided
throughout the rest of the paper.
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A classical example of Poisson algebra from mechanics and symplectic manifolds is the
Hamilton algebra (see [37]) Hn := K[x1, · · · , xn, y1, · · · , yn] with its commutative associa-
tive product and the (Poisson) bracket
[f, g] :=
n∑
i=1
∂xi(f)∂yi(g)− ∂yi(f)∂xi(g), ∀f, g ∈ Hn,
where ∂z is the partial derivative with respect to the variable z ∈ {x1, · · · , xn, y1, · · · , yn}.
At a more abstract level, we have
Example 2.1. Let (L, ·) be a commutative associative algebra and D1, D2 be commuting
derivations (that is, D1D2 = D2D1). Then there is a Lie algebra (L, [ , ]) defined by
[x, y] = D1(x) ·D2(y)−D1(y) ·D2(x), ∀x, y ∈ L. (4)
Moreover, (L, ·, [ , ]) is a Poisson algebra.
See [7] for a recent application to model theory and differential-algebraic geometry.
When there is only one derivation, we have
Proposition 2.2. Let (L, ·) be a commutative associative algebra and let D be a derivation.
Define the multiplication
[x, y] := x ·D(y)−D(x) · y, ∀x, y ∈ L. (5)
Then (L, ·, [ , ]) is a transposed Poisson algebra.
We note that the defining identity (2) does not hold without the factor 2. See Section 3
for the perspective from Novikov-Poisson algebras.
Proof. All the needed identities can be verified directly, but we will give the proposition as
a consequence (Corollary 3.4) of the more general result in Theorem 3.2 on Novikov-Poisson
algebras. For now, we just verify Eq. (2) to illustrate that the factor 2 in the equation is
indispensable. For all x, y ∈ L, we have
[zx, y] + [x, zy] = zxD(y)−D(zx)y + xD(zy)−D(x)zy
= zxD(y)− zD(x)y −D(z)xy + xzD(y) + xD(z)y −D(x)zy
= 2z(xD(y)−D(x)y)
= 2z[x, y]. 
As a concrete example, for the usual derivations, we have
Example 2.3. The commutative associative algebra L = K[x1, · · · , xn] together with the
bracket
[g, h] :=
n∑
i=1
(g∂xi(h)− h∂xi(g)), ∀g, h ∈ L,
is a transposed Poisson algebra. More generally, for D =
∑n
i=1 fi∂xi with fi ∈ L, 1 ≤ i ≤ n,
the bracket
[g, h] :=
n∑
i=1
(fi(g∂xi(h)− h∂xi(g)), ∀g, h ∈ L,
also gives a transposed Poisson algebra.
As special cases of transposed Poisson algebras, by inspection, we have
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Proposition 2.4. For a linear space L with a commutative associative multiplication · and
a Lie bracket [ , ].
(a) If either · or [ , ] is zero, then (L, ·, [ , ]) is a transposed Poisson algebra, as well as
a Poisson algebra.
(b) More generally, if
x · [y, z] = [x · y, z] = 0, ∀x, y, z ∈ L,
then (L, ·, [ , ]) is a transposed Poisson algebra, as well as a Poison algebra.
As we will see in Proposition 2.11, the converse of Proposition 2.4.(b) holds.
We next classify the transposed Poisson algebra structures on two-dimensional complex
Lie algebras.
Let L be a complex vector space with a basis {e1, e2}. If (L, [ , ]) is an abelian Lie algebra,
then by Proposition 2.4.(a), for any 2-dimensional commutative associative algebra (L, ·),
(L, ·, [ , ]) is a transposed Poisson algebra. Hence any 2-dimensional complex transposed
Poisson algebra in which the Lie algebra is abelian is isomorphic to one of the following
transposed Poisson algebras (we only give non-zero product):
(a) (L, ·) : eiej = 0, i, j = 1, 2; (L, [ , ]) : [e1, e2] = 0;
(b) (L, ·) : e1e1 = e1, e2e2 = e2, (L, [ , ]) : [e1, e2] = 0;
(c) (L, ·) : e1e1 = e1, e1e2 = e2e1 = e2, (L, [ , ]) : [e1, e2] = 0;
(d) (L, ·) : e1e1 = e1, (L, [ , ]) : [e1, e2] = 0;
(e) (L, ·) : e1e1 = e2, (L, [ , ]) : [e1, e2] = 0.
These transposed Poisson algebras are mutually non-isomorphic.
On the other hand, it is well-known that any 2-dimensional non-abelian complex Lie
algebra is isomorphic to the one whose product is given by
[e1, e2] = e2.
By a straightforward computation, we find that a commutative (not necessarily associative)
algebra (L, ·) satisfying Eq. (2) if and only if its product is given by
e1e1 = ae1 + be2, e1e2 = e2e1 = ce1 + ae2, e2e2 = ce2,
for some a, b, c ∈ C. Moreover, (L, ·) is associative if and only if ac = 0. Therefore, any
2-dimensional complex transposed Poisson algebra in which the Lie algebra is non-abelian
is isomorphic to one of the following transposed Poisson algebras (we only give the non-zero
product):
(a) (L, ·) : eiej = 0, i, j = 1, 2; (L, [ , ]) : [e1, e2] = e2;
(b) (L, ·) : e1e1 = e2, (L, [ , ]) : [e1, e2] = e2;
(c) (L, ·) : e1e2 = e2e1 = e1, e2e2 = e2, (L, [ , ]) : [e1, e2] = e2;
(d) (L, ·) : e1e1 = λe1, e1e2 = e2e1 = λe2, λ 6= 0, (L, [ , ]) : [e1, e2] = e2.
All parameters appearing above are in C. Furthermore, these transposed Poisson algebras
are mutually non-isomorphic.
2.2. Identities in transposed Poisson algebras. There is a rich family of identities for
transposed Poisson algebras which will be used later in the paper, but are also interesting
in their own right.
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Theorem 2.5. Let (L, ·, [ , ]) be a transposed Poisson algebra. Then the following identities
hold.
x[y, z] + y[z, x] + z[x, y] = 0, (6)
[h[x, y], z] + [h[y, z], x] + [h[z, x], y] = 0, (7)
[hx, [y, z]] + [hy, [z, x]] + [hz, [x, y]] = 0, (8)
[h, x][y, z] + [h, y][z, x] + [h, z][x, y] = 0, (9)
[xu, yv] + [xv, yu] = 2uv[x, y], (10)
x[u, yv] + v[xy, u] + yu[v, x] = 0, (11)
for all x, y, z, h, u, v ∈ L.
Proof. Let x, y, z, h, u, v ∈ L. By Eq. (2), we have
[xz, y] + [x, yz] = 2z[x, y],
[yx, z] + [y, zx] = 2x[y, z],
[zy, x] + [z, xy] = 2y[z, x].
Taking the sum of the three identities above gives Eq. (6).
The proof of Eq. (7) takes more efforts. First by Eq. (2), we have
[[x, y]h, z] + [[x, y], zh] = 2h[[x, y], z],
[[y, z]h, x] + [[y, z], xh] = 2h[[y, z], x],
[[z, x]h, y] + [[z, x], yh] = 2h[[z, x], y].
Taking the sum of the three identities above and applying the Jacobi identity, we obtain
[[x, y]h, z] + [[y, z]h, x] + [[z, x]h, y]) + ([[x, y], zh] + [[y, z], xh] + [[z, x], yh]) = 0. (12)
Next applying the Jacobi identity to [[x, y], zh] gives
[[x, y], zh] + [[y, zh], x] + [[zh, x], y] = 0
and applying Eq. (2) to [[y, zh], x] gives
[[y, zh], x] = 2[h[y, z], x]− [[yh, z], x].
Thus we obtain
[[x, y], zh] + 2[h[y, z], x]− [[yh, z], x] + [[zh, x], y] = 0.
Similarly, we have
[[y, z], xh] + 2[h[z, x], y]− [[zh, x], y] + [[xh, y], z] = 0,
[[z, x], yh] + 2[h[x, y], z]− [[xh, y], z] + [[yh, z], x] = 0.
Taking the sum of the three identities above yields
[[x, y], zh] + [[y, z], xh] + [[z, x], yh]) + 2([h[x, y], z] + [h[y, z], x] + [h[z, x], y]) = 0. (13)
Then Eq. (7) follows from taking the difference between Eq. (13) and Eq. (12).
Furthermore, Eq. (8) follows by substituting Eq. (7) into Eq. (12).
By Eq. (2), we have
[h[x, y], z] + [h, z[x, y]] = 2[x, y][h, z],
[h[y, z], x] + [h, x[y, z]] = 2[y, z][h, x],
[h[z, x], y] + [h, y[z, x]] = 2[z, x][h, y].
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Taking the sum of the above three identities and applying Eq. (7), we obtain Eq. (9).
By Eq. (2), we get
[xu, yv] + [x, yvu] = 2u[x, yv],
[xv, yu] + [xvu, y] = 2u[xv, y].
Taking the sum of the above two identities gives
([xu, yv] + [xv, yu]) + ([x, yvu] + [xvu, y]) = 2u([x, yv] + [xv, y]).
Since
[x, yvu] + [xvu, y] = 2vu[x, y],
2u([x, yv] + [xv, y]) = 4uv[x, y],
Eq. (10) follows.
Finally by Eqs. (2) and (10), we have Eq. (11):
2x[u, yv]+ 2v[xy, u]+ 2yu[v, x] = [xu, yv] + [u, xyv]+ [xyv, u]+ [xy, uv]+ 2uv[x, y] = 0. 
2.3. Related structures and tensor products. The following result shows that trans-
posed Poisson algebra structures on a space is closed under the commutative associative
product.
Proposition 2.6. Let (L, ·, [ , ]) be a transposed Poisson algebra. For any h ∈ L, define a
new bilinear operation [ , ]h on L by
[x, y]h = h[x, y], ∀x, y ∈ L. (14)
Then (L, ·, [ , ]h) is a transposed Poisson algebra.
Proof. It is obvious that the operation [ , ]h is skew-symmetric. By Eq. (7), we have
[[x, y]h, z]h + [[y, z]h, x]h + [[z, x]h, y]h = h([h[x, y], z] + [h[y, z], x] + [h[z, x], y]) = 0,
for all x, y, z ∈ L. Then (L, [ , ]h) is a Lie algebra. By Eq. (2), we have
[xz, y]h + [x, yz]h = h[xz, y] + h[x, yz] = 2hz[x, y] = 2z[x, y]h,
for all x, y, z ∈ L. Hence (L, , [ , ]h) is a transposed Poisson algebra. 
An important property of Poisson algebras is that they are closed under taking tensor
products (see [47].)
Proposition 2.7. Let (L1, ·1, [ , ]1) and (L2, ·2, [ , ]2) be two Poisson algebras. Define two
operations · and [ , ] on L1 ⊗ L2 by
(x1 ⊗ x2) · (y1 ⊗ y2) = x1 ·1 y1 ⊗ x2 ·2 y2, (15)
[x1 ⊗ x2, y1 ⊗ y2] = [x1, y1]1 ⊗ x2 ·2 y2 + x1 ·1 y1 ⊗ [x2, y2]2, (16)
for all x1, y1 ∈ L1, x2, y2 ∈ L2. Then (L1 ⊗ L2, ·, [ , ]) is a Poisson algebra.
This property is also shared by transposed Poisson algebras.
Theorem 2.8. Let (L1, ·1, [ , ]1) and (L2, ·2, [ , ]2) be two transposed Poisson algebras.
Define two operations · and [ , ] on L1 ⊗ L2 by Eqs. (15) and (16) respectively. Then
(L1 ⊗ L2, ·, [ , ]) is a transposed Poisson algebra.
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Proof. For brevity, the subscripts 1 and 2 in the operations · and [ , ] will suppressed, since
their meaning should be clear from the context.
It is obvious that (L1 ⊗ L2, ·) is a commutative associative algebra. Let x1, y1, z1 ∈
L1, x2, y2, z2 ∈ L2. Then we have
[[x1 ⊗ x2, y1 ⊗ y2], z1 ⊗ z2] + [[y1 ⊗ y2, z1 ⊗ z2], x1 ⊗ x2] + [[z1 ⊗ z2, x1 ⊗ x2], y1 ⊗ y2]
= (A1) + (A2) + (A3) + (A4),
where
(A1) = [[x1, y1], z1]⊗ x2y2z2 + [[y1, z1], x1]⊗ y2z2x2 + [[z1, x1], y1]⊗ z2x2y2,
(A2) = x1y1z1 ⊗ [[x2, y2], z2] + y1z1x1 ⊗ [[y2, z2], x2] + z1x1y1 ⊗ [[z2, x2], y2],
(A3) = [x1, y1]z1 ⊗ [x2y2, z2] + [y1, z1]x1 ⊗ [y2z2, x2] + [z1, x1]y1 ⊗ [z2x2, y2],
(A4) = [x1y1, z1]⊗ [x2, y2]z2 + [y1z1, x1]⊗ [y2, z2]x2 + [z1x1, y1]⊗ [z2, x2]y2.
Since (L1, ·), (L2, ·) are commutative associative algebras and (L1, [ , ]), (L2, [ , ]) are Lie
algebras, (A1) and (A2) are zero. By Eq. (6), we have
([y1, z1]x1)⊗ [y2z2, x2] = ([z1, x1]y1 + [x1, y1]z1)⊗ [x2, y2z2],
[y1z1, x1]⊗ [y2, z2]x2 = [x1, y1z1]⊗ ([z2, x2]y2 + [x2, y2]z2).
Substituting the above equations into (A3) and (A4) respectively, we have
(A3) = ([x1, y1]z1)⊗ ([x2y2, z2] + [x2, y2z2]) + ([z1, x1]y1)⊗ ([z2x2, y2] + [x2, y2z2]),
(A4) = ([x1y1, z1] + [x1, y1z1])⊗ ([x2, y2]z2) + ([z1x1, y1] + [x1, y1z1])⊗ ([z2, x2]y2).
By Eq. (2), we have
(A3) = 2([x1, y1]z1)⊗ (y2[x2, z2]) + 2([z1, x1]y1)⊗ (z2[x2, y2]),
(A4) = 2(y1[x1, z1])⊗ ([x2, y2]z2) + 2(z1[x1, y1])⊗ ([z2, x2]y2).
Hence (A3) + (A4) = 0 and therefore (L1 ⊗ L2, [ , ]) is a Lie algebra.
Furthermore, we have
[(x1 ⊗ x2)(z1 ⊗ z2), y1 ⊗ y2] + [x1 ⊗ x2, (y1 ⊗ y2)(z1 ⊗ z2)]
= [x1z1, y1]⊗ (x2z2y2) + (x1z1y1)⊗ [x2z2, y2] + [x1, y1z1]⊗ (x2y2z2)
+(x1y1z1)⊗ [x2, y2z2]
= ([x1z1, y1] + [x1, y1z1])⊗ (x2y2z2) + (x1y1z1)⊗ ([x2z2, y2] + [x2, y2z2])
= 2(z1[x1, y1])⊗ (x2y2z2) + 2(x1y1z1)⊗ (y2[x2, z2])
= 2(z1 ⊗ z2)[x1 ⊗ x2, y1 ⊗ y2].
Therefore the conclusion holds. 
We end this section by displaying a close relationship between transposed Poisson algebras
and Hom-Lie algebras.
Recall that a Hom-Lie algebra [26] is a triple (g, [ , ], ϕ) consisting of a linear space g,
a skew-symmetric bilinear operation [ , ] : ∧2g→ g and a linear map ϕ:g→ g satisfying
[ϕ(x), [y, z]] + [ϕ(y), [z, x]] + [ϕ(z), [x, y]] = 0, ∀x, y, z ∈ g. (17)
If in addition, ϕ is an algebra homomorphism, then the Hom-Lie algebra (g, [ , ], ϕ) is called
multiplicative.
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Proposition 2.9. Let (L, ·, [ , ]) be a transposed Poisson algebra. For any h ∈ L, define a
linear map ϕh : L→ L by
ϕh(x) = hx, ∀x ∈ L. (18)
Then (L, [ , ], ϕh) is a Hom-Lie algebra. Moreover, ϕh satisfies
ϕ2h([x, y]) = [ϕh(x), ϕh(y)], ∀x, y ∈ L. (19)
Hence if ϕ2h = ϕh, that is, hhx = hx for all x ∈ L, then (L, [ , ], ϕh) is a multiplicative
Hom-Lie algebra.
Proof. Let x, y, z ∈ L. Then by Eq. (8), we have
[ϕh(x), [y, z]] + [ϕh(y), [z, x]] + [ϕh(z), [x, y]] = 0.
Hence (L, [ , ], ϕh) is a Hom-Lie algebra. By Eq. (10), we have
[xh, yh] + [xh, yh] = 2hh[x, y].
Hence Eq. (19) holds. Thus the conclusion follows. 
2.4. Operadic and categorial properties of transposed Poisson algebras.
2.4.1. Operadic dual of transposed Poisson algebra. It is well known that the operad of
Poisson algebras is self dual [33]. It is interesting to see that the same is true for the operad
of transposed Poisson algebras.
Proposition 2.10. The operad of transposed Poisson algebras, denoted by TPois, is self
dual.
Proof. The operad TPois is binary quadratic, with its two-dimensional operation space
V = V (2) spanned by the binary operations µ for the commutative associative operation
and ν for the Lie bracket. So µ satisfies the commutative associative law and ν is skew-
symmetric and satisfies the Jacobi identity. Further, the operations µ and ν satisfy the
compatibility relation (or distributive law)
2µ(x, ν(y, z)) = ν(µ(x, y), z) + ν(y, µ(x, z)), (20)
which is rewritten in the standard form as in [33, §7.6.2]
2µ(ν(y, z), x)− ν(µ(x, y), z)− ν(µ(z, x), y), (21)
that is,
2µ ◦II ν − ν ◦I µ+ ν ◦III µ.
Taking into account of the action of the symmetric group S3, the relation space of the
binary quadratic operad TPois is of dimensional three, spanned by the basis elements
2µ ◦II ν − ν ◦I µ+ ν ◦III µ, 2µ ◦III ν − ν ◦II µ+ ν ◦I µ, 2µ ◦I ν − ν ◦III µ+ ν ◦II µ.
For the dual space V = K{µˇ, νˇ}, by the duality between the commutative associative
operad and the Lie operad, µˇ is a Lie bracket and νˇ is commutative associative. So the
corresponding compatibility relations have its basis
2νˇ ◦II µˇ− µˇ ◦I νˇ + µˇ ◦III νˇ, 2νˇ ◦III µˇ− µˇ ◦II νˇ + µˇ ◦I νˇ, 2νˇ ◦I µˇ− µˇ ◦III νˇ + µˇ ◦II νˇ.
By direct inspection, we see that the two sets of relations annihilate each other under the
operad pairing given by
〈µˇ, µ〉 = 〈νˇ, ν〉 = 1, 〈µˇ, ν〉 = 〈νˇ, µ〉 = 0.
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Since both sets span a subspace of dimension three out of a space of dimension six, they are
the exact annihilators of each other. Since the commutative associative operad is already
dual to the Lie operad, this proves that the Koszul dual of TPois is itself. 
2.4.2. Independence of Poisson algebra and transposed Poisson algebra. We show that the
compatibility relations of the Poisson algebra and those of the transposed Poisson algebra
are independent in the following sense.
Proposition 2.11. Let (L, ·) be a commutative associative algebra and (L, [ , ]) be a Lie
algebra. Then (L, ·, [ , ]) is both a Poisson algebra and a transposed Poisson algebra if and
only if
x[y, z] = [xy, z] = 0, ∀x, y, z ∈ L. (22)
Proof. The “if” part has been given in Proposition 2.4.(b). For the “only if” part, let
x, y, z ∈ L. By Eq. (1), we have
[zx, y] = −x[y, z]− z[y, x], [x, zy] = y[x, z] + z[x, y].
Then by Eq. (2), we have
0 = [zx, y] + [x, zy]− 2z[x, y] = [x, z]y − [y, z]x.
By Eq. (6), we have
[x, y]z = [x, z]y − [y, z]x = 0.
By Eq. (1) again, we have [xy, z] = 0. 
Remark 2.12. The above conclusion means that, with the relations of the commutative
associative product and the Lie bracket, the intersection of the compatibility conditions of
the Poisson algebra and of the transposed Poisson algebra is trivial. That is, the structures
of transposed Poisson algebras and Poisson algebras are completely inconsistent. To put
it in another context, the operad of transposed Poisson algebras together with Poisson
algebras is the direct sum [33] of the operad of the commutative associative algebra and
that of the Lie algebra.
3. From Novikov-Poisson algebras and pre-Lie Poisson algebras to
transposed Poisson algebras
We now show that, for several Poisson related algebraic structures, taking the commu-
tator gives rise to transposed Poisson algebras.
Definition 3.1. [47] A Novikov-Poisson algebra is a triple (L, ·, ◦), where L is a vector
space and , ◦ are two bilinear operations on L satisfying the following conditions:
(1) (L, ·) is a commutative associative algebra.
(2) (L, ◦) is a Novikov algebra, that is, for all x, y, z ∈ L,
(x ◦ y) ◦ z − (y ◦ x) ◦ z = x ◦ (y ◦ z)− y ◦ (x ◦ z), (23)
(x ◦ y) ◦ z = (x ◦ z) ◦ y. (24)
(3) The following equations hold for all x, y, z ∈ L.
(xy) ◦ z = x(y ◦ z), (25)
(x ◦ y)z − (y ◦ x)z = x ◦ (yz)− y ◦ (xz). (26)
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Taking the commutator in a Novikov-Poisson algebra, we obtain
Theorem 3.2. Let (L, ·, ◦) be a Novikov-Poisson algebra. Define
[x, y] = x ◦ y − y ◦ x, ∀x, y ∈ L. (27)
Then (L, ·, [ , ]) is a transposed Poisson algebra.
Proof. It is known that (L, [ , ]) is a Lie algebra (cf. [10], in fact, it is due to Eq. (23) only).
By Eqs. (25) and (26), for all x, y, z ∈ L, we have
[xz, y] + [x, yz]− 2z[x, y]
= (xz) ◦ y − y ◦ (xz) + x ◦ (yz)− (yz) ◦ x− 2z(x ◦ y − y ◦ x)
= ((xz) ◦ y − z(x ◦ y) + z(y ◦ x)− (yz) ◦ x)
−((x ◦ y)z − (y ◦ x)z − x ◦ (yz) + y ◦ (xz))
= 0.
Hence the conclusion holds. 
We quote the following classical results before giving applications.
Lemma 3.3. Let (L, ·) be a commutative associative algebra and D be a derivation. Define
a bilinear operation ◦ on L by
x ◦ y = xD(y), ∀x, y ∈ L. (28)
Then
(a) (S. Gelfand, [21]) (L, ◦) is a Novikov algebra.
(b) [47] (L, ·, ◦) is a Novikov-Poisson algebra.
Combining Theorem 3.2 and Lemma 3.3 leads to the following consequence, which can be
regarded as the basic examples of transposed Poisson algebras in analog to the construction
of Poisson algebras from commutative associative algebras with commuting derivations.
Corollary 3.4. (=Proposition 2.2) Let (L, ·) be a commutative associative algebra and D
be a derivation. Then (L, ·, [ , ]) is a transposed Poisson algebra, where
[x, y] = xD(y)− yD(x), ∀x, y ∈ L. (29)
For examples in low dimensions, we have
Example 3.5. The complex commutative associative algebras in dimensions in 2 and 3
and their derivations were given in [4]. Hence the induced transposed Poisson algebras
by Corollary 3.4 can be obtained explicitly. We give the 2-dimensional cases. Let L be
a 2-dimensional vector space with a basis {e1, e2}. In the following, we give the non-
zero multiplication of the commutative associative algebra (L, ·), the set Dera(L) of all
derivations of (L, ·) and the induced Lie algebra (L, [ , ]) such that (L, ·, [ , ]) is a transposed
Poisson algebra.
(1) (L, ·) : eiej = 0, i, j = 1, 2; Dera(L) = End(L); (L, [ , ]) : [e1, e2] = 0.
(2) (L, ·) : e1e1 = e1, e2e2 = e2; Dera(L) = 0; (L, [ , ]) : [e1, e2] = 0.
(3) (L, ·) : e1e1 = e1, ; Dera(L) =
(
0 0
0 a
)
; (L, [ , ]) : [e1, e2] = 0.
(4) (L, ·) : e1e1 = e1, e2e1 = e1e2 = e2; Dera(L) =
(
0 0
0 a
)
; (L, [ , ]) : [e1, e2] = ae2.
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(5) (L, ·) : e1e1 = e2, ; Dera(L) =
(
a 0
b 2a
)
; (L, [ , ]) : [e1, e2] = be2.
All the parameters are in the complex number field C.
The following combination of the pre-Lie algebra and commutative associative algebra
arose from the study of Hopf algebras of rooted trees in quantum field theory and control
theory, as well as of F -manifolds [19, 34, 15].
Definition 3.6. [34] A pre-Lie commutative algebra (or PreLie-Com algebra) is
a triple (L, ·, ◦), where (L, ·) is a commutative associative algebra and (L, ◦) is a pre-Lie
algebra satisfying
x ◦ (yz)− (x ◦ y)z − y(x ◦ z) = 0, ∀ x, y, z ∈ L. (30)
Note that Eq. (30) means that the left multiplication operators of the pre-Lie algebra
(L, ◦) are derivations of the commutative associative algebra (L, ·).
Example 3.7. Let (L, ·) be a commutative associative algebra and D be a derivation. It
is straightforward to show that (L, ·, ◦) is a PreLie-Com algebra, where (L, ◦) is defined by
Eq. (28): x ◦ y := xD(y) for all x, y ∈ L.
There is also a notion of a differential Novikov-Poisson algebra introduced in [8,
Definition 4.1], which is a triple (L, ·, ◦), where (L, ·) is a commutative associative algebra
and (L, ◦) is a Novikov algebra satisfying Eqs. (25), (26) and (30).
We now introduce a general context to include Novikov-Poisson algebras, pre-Lie com-
mutative algebras under certain conditions and differential Novikov-Poisson algebras.
Definition 3.8. A pre-Lie Poisson algebra is a triple (L, ·, ◦), where L is a vector space
and , ◦ are two bilinear operations on L satisfying the following conditions.
(1) (L, ·) is a commutative associative algebra.
(2) (L, ◦) is a pre-Lie algebra, that is, Eq. (23) holds.
(3) Eqs. (25) and (26) hold.
For the relationship among these notions, we have
Lemma 3.9. (a) A Novikov-Poisson algebra is a pre-Lie Poisson algebra;
(b) A PreLie-Com algebra (L, ·, ◦) satisfying Eq. (25) is a pre-Lie Poisson algebra;
(c) A differential Novikov-Poisson algebra is a PreLie-Com algebra satisfying Eq. (25)
and hence is pre-Lie Poisson algebra.
Proof. (a). This follows since a Novikov algebra is a pre-Lie algebra and a Novikov-Poisson
algebra and a pre-Lie Poisson algebra have the same compatibility conditions for the two
operations.
(b). Let x, y, z ∈ L. Then we have
y ◦ (xz) + (x ◦ y)z − (y ◦ x)z − x ◦ (yz)
= (y ◦ x)z + x(y ◦ z) + (x ◦ y)z − (y ◦ x)z − (x ◦ y)z − y(x ◦ z)
= x(y ◦ z)− y(x ◦ z) = (xy) ◦ z − (yx) ◦ z = 0.
Hence (L, ·, ◦) is a pre-Lie Poisson algebra.
(c). Note that the identity (26) in the definition of a differential Novikov-Poisson algebra
is redundant, since by Item.(b), it can be derived from Eqs. (30) and (25). Then the
conclusion follows. 
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The commutator of a pre-Lie algebra is a Lie algebra [10]. Observe that the proof of
Theorem 3.2 only uses the relations in Eqs. (25) and (26), which hold for pre-Lie algebras.
Thus the same proof as that for Theorem 3.2 gives
Proposition 3.10. Let (L, ·, ◦) be a pre-Lie Poisson algebra. Then (L, ·, [ , ]) is a trans-
posed Poisson algebra, where the operation [ , ] is defined by Eq. (27):
[x, y] = x ◦ y − y ◦ x, ∀x, y ∈ L.
Example 3.11. Let L be a 2-dimensional vector space with a basis {e1, e2}. Then (L, ◦)
is a pre-Lie algebra [3, 9] with the non-zero product given by
e1 ◦ e1 = e1, e1 ◦ e2 = e2.
This pre-Lie algebra is not a Novikov algebra [4]. By a straightforward computation, a
commutative (not necessarily associative) algebra (L, ·) satisfies Eq. (25) if and only if its
non-zero product is given by
e1e1 = ae2,
Moreover, with the above product, (L, ·) is associative and Eq. (26) is satisfied. There-
fore, with the above pre-Lie algebra product and commutative associative algebra product,
(L, ·, ◦) is a pre-Lie Poisson algebra. It is not a Novikov-Poisson algebra. The induced
transposed Poisson algebra (L, ·, [ , ]), where the operation [ , ] is defined by Eq. (27), is
isomorphic to the second transposed Poisson algebra of dimension two with non-abelian Lie
product in Section 2.1.
Combining Proposition 3.10 and Lemma 3.9, we have
Corollary 3.12. Let (L, ·, ◦) be a PreLie-Com algebra. If in addition, Eq. (25) holds, then
(L, ·, [ , ]) is a transposed Poisson algebra, where the operation [ , ] is defined by Eq. (27):
[x, y] := x ◦ y − y ◦ x for all x, y ∈ L. In particular, the conclusion holds when (L, ·, ◦) is a
differential Novikov-Poisson algebra.
One of the motivations and intentions of introducing the notion of Novikov-Poisson alge-
bras is so that the tensor product can be taken [47]. We give the following similar property
for pre-Lie Poisson algebras.
Proposition 3.13. Suppose that (L1, ·, ◦) and (L2, ·, ◦) are two pre-Lie Poisson algebras.
Define two bilinear operations · and ◦ on L1 ⊗ L2 respectively by Eq. (15) and
(x1 ⊗ x2) ◦ (y1 ⊗ y2) = x1 ◦ y1 ⊗ x2 · y2 + x1 · y1 ⊗ x2 ◦ y2, ∀x1, y1 ∈ L1, x2, y2 ∈ L2. (31)
Then (L1 ⊗ L2, ·, ◦) is a pre-Lie Poisson algebra.
Proof. As is well-known, (L1 ⊗ L2, ·) is a commutative associative algebra. Let x1, y1, z1 ∈
L1, x2, y2, z2 ∈ L2. Then we have
((x1 ⊗ x2) ◦ (y1 ⊗ y2)) ◦ (z1 ⊗ z2)− ((y1 ⊗ y2) ◦ (x1 ⊗ x2)) ◦ (z1 ⊗ z2)
−(x1 ⊗ x2) ◦ ((y1 ⊗ y2) ◦ (z1 ⊗ z2)) + (y1 ⊗ y2) ◦ ((x1 ⊗ x2) ◦ (z1 ⊗ z2))
= ((x1 ◦ y1) ◦ z1 − (y1 ◦ x1) ◦ z1 − x1 ◦ (y1 ◦ z1) + y1 ◦ (x1 ◦ z1))⊗ x2y2z2
+((x1 ◦ y1)z1 − (y1 ◦ x1)z1)⊗ (xy2) ◦ z2 − x1(y1 ◦ z1)⊗ x2 ◦ (y2z2)
+y1(x1 ◦ z1)⊗ y2 ◦ (x2z2) + (x1y1) ◦ z1 ⊗ ((x2 ◦ y2)z2 − (y2 ◦ x2)z2)
−x1 ◦ (y1z1)⊗ x2(y2 ◦ z2) + y1 ◦ (x1z1)⊗ y2(x2 ◦ z2)
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+x1y1z1 ⊗ ((x2 ◦ y2) ◦ z2 − (y2 ◦ x2) ◦ z2 − x2 ◦ (y2 ◦ z2) + y2 ◦ (x2 ◦ z2))
(23)
= ((x1 ◦ y1)z1 − (y1 ◦ x1)z1)⊗ (x2y2) ◦ z2 − x1(y1 ◦ z1)⊗ x2 ◦ (y2z2)
+y1(x1 ◦ z1)⊗ y2 ◦ (x2z2) + (x1y1) ◦ z1 ⊗ ((x2 ◦ y2)z2 − (y2 ◦ x2)z2)
−x1 ◦ (y1z1)⊗ x2(y2 ◦ z2) + y1 ◦ (x1z1)⊗ y2(x2 ◦ z2)
(25)
= ((x1 ◦ y1)z1 − (y1 ◦ x1)z1)⊗ (x2y2) ◦ z2 − (x1y1) ◦ z1 ⊗ (x2 ◦ (y2z2)− y2 ◦ (x2z2))
+(x1y1) ◦ z1 ⊗ ((x2 ◦ y2)z2 − (y2 ◦ x2)z2)− (x1 ◦ (y1z1)− y1 ◦ (x1z1))⊗ (x2y2) ◦ z2
= ((x1 ◦ y1)z1 − (y1 ◦ x1)z1 − x1 ◦ (y1z1) + y1 ◦ (x1z1))⊗ (x2y2) ◦ z2
+(x1y1) ◦ z1 ⊗ ((x2 ◦ y2)z2 − (y2 ◦ x2)z2 − x2 ◦ (y2z2) + y2 ◦ (x2z2))
(26)
= 0.
Therefore, (L1 ⊗ L2, ◦) is a pre-Lie algebra. Moreover, we have
((x1 ⊗ x2)(y1 ⊗ y2)) ◦ (z1 ⊗ z2)
= (x1y1) ◦ z1 ⊗ x2y2z2 + x1y1z1 ⊗ (x2y2) ◦ z2
(25)
= x1(y1 ◦ z1)⊗ x2(y2z2) + x1(y1z1)⊗ x2(y2 ◦ z2)
= (x1 ⊗ x2)((y1 ⊗ y2) ◦ (z1 ⊗ z2)).
((x1 ⊗ x2) ◦ (y1 ⊗ y2))(z1 ⊗ z2)− ((y1 ⊗ y2) ◦ (x1 ⊗ x2))(z1 ⊗ z2)
−(x1 ⊗ x2) ◦ ((y1 ⊗ y2)(z1 ⊗ z2)) + (y1 ⊗ y2) ◦ ((x1 ⊗ x2)(z1 ⊗ z2))
= ((x1 ◦ y1)z1 − (y1 ◦ x1)z1 − x1 ◦ (y1z1) + y1 ◦ (x1z1))⊗ x2y2z2
+x1y1z1 ⊗ ((x2 ◦ y2)z2 − (y2 ◦ x2)z2 − x2 ◦ (y2z2) + y2 ◦ (x2z2))
(26)
= 0.
Hence (L1 ⊗ L2, ·, ◦) is a pre-Lie Poisson algebra. 
4. Transposed Poisson algebras and 3-Lie algebras
In this section we present the close relationship between transposed Poisson algebras
and 3-Lie algebras. In one direction, we show that a transposed Poisson algebra with a
derivation gives rise to a transposed Poisson 3-Lie algebra. A similar construction works for
a transposed Poisson algebra with an involutive endomorphism. In the other direction, the
3-Lie algebra derived from a strong Poisson algebra in [17] is shown to carry a transposed
Poisson 3-Lie algebra structure, instead of a Poisson 3-Lie algebra one.
4.1. Construction of 3-Lie algebras from transposed Poisson algebras with deriva-
tions. We first recall the notion of a 3-Lie algebra.
Definition 4.1. [18] A 3-Lie algebra is a vector space A together with a skew-symmetric
linear map (3-Lie bracket) [ , , ] : ⊗3A → A such that the following Fundamental
Identity (FI) holds:
[[x, y, z], u, v] = [[x, u, v], y, z] + [[y, u, v], z, x] + [[z, u, v], x, y], (32)
for x, y, z, u, v ∈ A.
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In other words, the adjoint action of u, v in the ternary operation is a derivation. Given
the importance of Poisson algebras and 3-Lie algebras, it is natural to study the relationship
between them. As it turned out, an extra condition is needed for this to work.
Definition 4.2. [17] A Poisson algebra (L, ·, [ , ]) is called strong if
[h, x][y, z] + [h, y][z, x] + [h, z][x, y] = 0, ∀x, y, z, h ∈ L. (33)
For example, the Poisson algebra (L, ·, [ , ]) in Example 2.1 is strong.
We observe that Eq (33) is just Eq. (9) in Theorem 2.5, hence holds for all transposed
Poisson algebras. As a 3-Lie variation of Poisson algebras, we have
Definition 4.3. [17] A Poisson 3-Lie algebra is a vector space L with a bilinear operator
and a ternary operator [ , , ] such that (L, ·) is a commutative associative algebra, (L, [ , , ])
is a 3-Lie algebra and the following equation holds.
[x, y, uv] = u[x, y, v] + [x, y, u]v, ∀x, y, u, v ∈ L. (34)
Thus the adjoint action of x, y on the commutative associative product is a derivation.
In addition, a Poisson 3-Lie algebra (L, ·, [ , , ]) is called strong if the following equation
holds.
− [x, y, u1][u2, u3, u4] + [x, y, u2][u1, u3, u4]− [x, y, u3][u1, u2, u4] + [x, y, u4][u1, u2, u3] = 0, (35)
for all x, y, u1, u2, u3, u4 ∈ L.
Proposition 4.4. [17] Let (L, ·, [ , ]) be a strong Poisson algebra. Suppose that D is a
derivation of (L, ·) and (L, [ , ]). Define a ternary operation by
[x, y, z] := D(x)[y, z] +D(y)[z, x] +D(z)[x, y], ∀x, y, z ∈ L. (36)
Then (L, ·, [ , , ]) is a strong Poisson 3-Lie algebra.
Let (L, ·) be a commutative associative algebra and D1, D2 be two commutating deriva-
tions. Let (L, [ , ]) be the Lie algebra defined by Eq. (4) through D1, D2 in Example 2.1.
Let D3 be a third derivation of (L, ·) commuting with D1 and D2. It is straightforward to
show that D3 is a derivation of (L, [ , ]). Hence there is a 3-Lie algebra defined by Eq. (36).
Explicitly,
[x, y, z] := det

D1(x) D1(y) D1(z)D2(x) D2(y) D2(z)
D3(x) D3(y) D3(z)

 = (D1 ∧D2 ∧D3)(x, y, z), ∀x, y, z ∈ L. (37)
This is one of the first and also one of the most important examples of 3-Lie algebras [38, 43].
As we will see (Theorem 4.5 and Proposition 4.7), the strongness condition on the con-
struction of 3-Lie Poisson algebras from Poisson algebras in Eq. (36) can be removed when
the equation is used to construct transposed Poisson 3-Lie algebras from transposed Poisson
algebras.
Theorem 4.5. Let (L, ·, [ , ]) be a transposed Poisson algebra and let D be a derivation of
(L, ·) and (L, [ , ]). Define a ternary operation on L by Eq. (36):
[x, y, z] := D(x)[y, z] +D(y)[z, x] +D(z)[x, y], x, y, z,∈ L. (38)
Then (L, [ , , ]) is a 3-Lie algebra.
TRANSPOSED POISSON ALGEBRAS 17
Proof. Let x, y, z, u, v ∈ L. First we have
D(x)D([y, z]) +D(y)D([z, x]) +D(z)D([x, y])
= −x[D(y), D(z)]− y[D(z), D(x)]− z[D(x), D(y)], (39)
since by the Leibniz rule of D and Eq. (2), both sides equal to the one-half of
[D(y), D(x)z]+[D(y)z,D(x)]+[D(z), D(y)x]+[D(z)x,D(y)]+[D(z)D(x), y]+[D(x)y,D(z)].
Furthermore, expanding by Eq. (38) and then applying Eq. (39), we have
[[x, y, z], u, v]
= [D(x)[y, z], u, v] + [D(y)[z, x], u, v] + [D(z)[x, y], u, v]
= D(D(x)[y, z])[u, v] +D(u)[v,D(x)[y, z]] +D(v)[D(x)[y, z], u]
+D(D(y)[z, x])[u, v] +D(u)[v,D(y)[z, x]] +D(v)[D(y)[z, x], u]
+D(D(z)[x, y])[u, v] +D(u)[v,D(z)[x, y]] +D(v)[D(z)[x, y], u]
= D2(x)[y, z][u, v] +D(x)D([y, z])[u, v] +D(u)[v,D(x)[y, z]] +D(v)[D(x)[y, z], u]
+D2(y)[z, x][u, v] +D(y)D([z, x])[u, v] +D(u)[v,D(y)[z, x]] +D(v)[D(y)[z, x], u]
+D2(z)[x, y][u, v] +D(z)D([x, y])[u, v] +D(u)[v,D(z)[x, y]] +D(v)[D(z)[x, y], u]
= D2(x)[y, z][u, v] − x[D(y),D(z)][u, v] +D(u)[v,D(x)[y, z]] −D(v)[u,D(x)[y, z]]
+D2(y)[z, x][u, v] − y[D(z),D(x)][u, v] +D(u)[v,D(y)[z, x]] −D(v)[u,D(y)[z, x]]
+D2(z)[x, y][u, v] − z[D(x),D(y)][u, v] +D(u)[v,D(z)[x, y]] −D(v)[u,D(z)[x, y]].
Similarly,
[[x, u, v], y, z]
= D2(x)[u, v][y, z] − x[D(u),D(v)][y, z] +D(y)[z,D(x)[u, v]] +D(z)[D(x)[u, v], y]
+D2(u)[v, x][y, z] − u[D(v),D(x)][y, z] +D(y)[z,D(u)[v, x]] +D(z)[D(u)[v, x], y]
+D2(v)[x, u][y, z] − v[D(x),D(u)][y, z] +D(y)[z,D(v)[x, u]] +D(z)[D(v)[x, u], y].
[[y, u, v], z, x]
= D2(y)[u, v][z, x] − y[D(u),D(v)][z, x] +D(z)[x,D(y)[u, v]] +D(x)[D(y)[u, v], z]
+D2(u)[v, y][z, x] − u[D(v),D(y)][z, x] +D(z)[x,D(u)[v, y]] +D(x)[D(u)[v, y], z]
+D2(v)[y, u][z, x] − v[D(y),D(u)][z, x] +D(z)[x,D(v)[y, u]] +D(x)[D(v)[y, u], z].
[[z, u, v], x, y]
= D2(z)[u, v][x, y] − z[D(u),D(v)][x, y] +D(x)[y,D(z)[u, v]] +D(y)[D(z)[u, v], x]
+D2(u)[v, z][x, y] − u[D(v),D(z)][x, y] +D(x)[y,D(u)[v, z]] +D(y)[D(u)[v, z], x]
+D2(v)[z, u][x, y] − v[D(z),D(u)][x, y] +D(x)[y,D(v)[z, u]] +D(y)[D(v)[z, u], x].
Therefore we rewrite
[[x, u, v], y, z] + [[y, u, v], z, x] + [[z, u, v], x, y] =
8∑
i=1
(Ai),
where
(A1) := D
2(x)[u, v][y, z] +D2(y)[u, v][z, x] +D2(z)[u, v][x, y],
(A2) := D
2(u)[v, x][y, z] +D2(u)[v, y][z, x] +D2(u)[v, z][x, y]
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+D2(v)[x, u][y, z] +D2(v)[y, u][z, x] +D2(v)[z, u][x, y],
(A3) := −x[D(u), D(v)][y, z]− y[D(u), D(v)][z, x]− z[D(u), D(v)][x, y],
(A4) := −u[D(v), D(x)][y, z]− u[D(v), D(y)][z, x]− u[D(v), D(z)][x, y],
(A5) := −v[D(x), D(u)][y, z]− v[D(y), D(u)][z, x]− v[D(z), D(u)][x, y],
(A6) := D(x)[D(u)[v, y], z] +D(x)[y,D(u)[v, z]] +D(y)[z,D(u)[v, x]]
+D(y)[D(u)[v, z], x] +D(z)[D(u)[v, x], y] +D(z)[x,D(u)[v, y]]
(A7) := D(x)[D(v)[y, u], z] +D(x)[y,D(v)[z, u]] +D(y)[z,D(v)[x, u]]
+D(y)[D(v)[z, u], x] +D(z)[D(v)[x, u], y] +D(z)[x,D(v)[y, u]]
(A8) := (D(x)[y,D(z)[u, v]] +D(z)[D(x)[u, v], y]) + (D(y)[z,D(x)[u, v]]
+D(x)[D(y)[u, v], z]) + (D(z)[x,D(y)[u, v]] +D(y)[D(z)[u, v], x]).
By Eq. (9), we have (A2) = 0 and by Eq. (6), we have (A3) = 0.
By Eq. (7), we have
(A6) = D(x)[v,D(u)[y, z]] +D(y)[v,D(u)[z, x]] +D(z)[v,D(u)[x, y]]
(A7) = −D(x)[u,D(v)[y, z]]−D(y)[u,D(v)[z, x]]−D(z)[u,D(v)[x, y]].
Applying Eq. (7) and then Eq. (11), we obtain
−u[v, x][y, z] + x[v[y, u], z] + x[y, v[z, u]] = −u[v, x][y, z]− x[v[z, y], u] = −v[u, x[y, z]].
Replacing x and v by D(x) and D(v) respectively, this gives
−u[D(v), D(x)][y, z]+D(x)[D(v)[y, u], z]+D(x)[y,D(v)[z, u]] = −D(v)[u,D(x)[y, z]]. (40)
From Eq. (40), we obtain
(A4) + (A7) = −D(v)[u,D(x)[y, z]]−D(v)[u,D(y)[z, x]]−D(v)[u,D(z)[x, y]],
(A5) + (A6) = D(u)[v,D(x)[y, z]] +D(u)[v,D(y)[z, x]] +D(u)[v,D(z)[x, y]],
and from Eq. (11), we obtain
(A8) = −x[D(y), D(z)][u, v]− y[D(z), D(x)][u, v]− z[D(x), D(y)][u, v].
In summary,
[[x, y, z], u, v] = (A1) + (A4) + (A5) + (A6) + (A7) + (A8) =
8∑
i=1
(Ai).
Therefore (L, [ , , ]) is a 3-Lie algebra. 
As a direct consequence of Theorem 4.5, we obtain the following construction of 3-Lie
algebras in [17] (see also Example 4.15).
Corollary 4.6. Let (L, ·) be a commutative associative algebra and D1, D2 be two commu-
tating derivations. Then there exists a 3-Lie algebra defined by
[x, y, z] := D2(x)(yD1(z)− zD1(x)) +D2(y)(zD1(x)− xD1(z))
+D2(z)(xD1(y)− yD1(x)), ∀x, y, z ∈ L. (41)
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Proof. By Corollary 3.4, (L, ·) together with the bracket defined by
[x, y] := xD1(y)− yD1(x), ∀x, y ∈ L,
gives a transposed Poisson algebra. A direct checking shows that D2 is a derivation on
(L, [ , ]). Thus by Theorem 4.5, Eq. (41) gives a 3-Lie algebra structure on L. 
We can rewrite Eq. (41) as
[x, y, z] := det

 x y zD1(x) D1(y) D1(z)
D2(x) D2(y) D2(z)

 = (id ∧D1 ∧D2)(x, y, z), ∀x, y, z ∈ L. (42)
In fact, the 3-Lie algebras given by Theorem 4.5 satisfies an additional equation.
Proposition 4.7. Let (L, ·, [ , ]) be a transposed Poisson algebra. Suppose that D is a
derivation of (L, ·) and (L, [ , ]). Then for the 3-Lie algebra defined by Eq. (38), the triple
(L, ·, [ , , ]) in a transposed Poisson 3-Lie algebra in the sense that the following
additional equation holds.
3u[x, y, z] = [xu, y, z] + [x, yu, z] + [x, y, zu], ∀ x, y, z, u ∈ L. (43)
Proof. Let x, y, z, u ∈ L. Then we have
[xu, y, z] + [x, yu, z] + [x, y, zu]
= D(xu)[y, z] +D(y)[z, xu] +D(z)[xu, y] +D(x)[yu, z] +D(yu)[z, x]
+D(z)[x, yu] + +D(x)[y, zu] +D(y)[zu, x] +D(zu)[x, y]
= 3u(D(x)[y, z] +D(y)[z, x] +D(z)[x, y]) +D(u)(x[y, z] + y[z, x] + z[x, y])
= 3u[x, y, z].
Hence the conclusion holds. 
In [17], there is also a notion of a Poisson n-Lie algebra which consists of a commutative
associative algebra and an n-Lie algebra, but the compatibility condition is that the adjoint
operators of the n-Lie algebra are the derivations of the commutative associative algebra,
thus generalizing the notions of a Poisson algebra and a Poisson 3-Lie algebra.
For transposed Poisson algebras, we introduce
Definition 4.8. Let n ≥ 2 be an integer. A transposed Poisson n-Lie algebra is
a triple (L, ·, µ) where (L, ·) is a commutative associative algebra and (L, µ) is an n-Lie
algebra satisfying the following condition.
nwµ(x1, · · · , xn) =
n∑
i=1
µ(x1, · · · , wxi, · · · , xn), ∀w, x1, · · · , xn ∈ L.
It is reasonable to expect that an transposed Poisson (n + 1)-algebra can be obtained
from an transposed Poisson n-Lie algebra with a derivation, generalizing Proposition 4.7.
To be precise, we propose
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Conjecture 4.9. Let n ≥ 2 be an integer. Let (L, ·, µn) be a transposed Poisson n-Lie
algebra and let D be a derivation of (L, ·) and (L, µn). Define an (n+ 1)-ary operation
µn+1(x1, · · · , xn+1) :=
n+1∑
i=1
D(xi)µn(x1, · · · , xˇi, · · · , xn+1), ∀x1, · · · , xn+1 ∈ L,
where xˇi means that the i-th entry is omitted. Then (L, ·, µn+1) is a transposed Poisson
(n+ 1)-Lie algebra.
This conjecture gives a natural interpretation of the scalar 2 in the compatibility condition
of a transposed Poisson algebra: it is simply the arity of the operation of the Lie algebra.
4.2. Another construction of 3-Lie algebras from transposed Poisson algebras.
There is also a construction of 3-Lie algebras from transposed Poisson algebras with certain
linear transformations instead of the derivations.
Theorem 4.10. Let (L, ·, [ , ]) be a transposed Poisson algebra. Let f be an endomorphism
of (L, ·) satisfying f 2 = id, that is f is an involutive endomorphism of (L, ·) and
f([x, y]) = −[f(x), f(y)], ∀x, y ∈ L. (44)
Define a ternary operation on L by
[x, y, z] := f(x)[y, z] + f(y)[z, x] + f(z)[x, y], ∀x, y, z ∈ L. (45)
Then (L, [ , , ]) is a 3-Lie algebra.
Alternatively, in replacing f by −f , we can also assume that f is an involutive endomor-
phism of (L, [ , ]) and satisfies f(xy) = −f(x)f(y).
Proof. Let x, y, z, u, v ∈ L. Applying Eqs. (44) and (45), we obtain
[[x, u, v], y, z] + [[y, u, v], z, x] + [[z, u, v], x, y]− [[x, y, z], u, v] =
10∑
i=1
(Ai),
where
(A1) := −x[f(u), f(v)][y, z]− y[f(u), f(v)][z, x]− z[f(u), f(v)][x, y],
(A2) := x[f(y), f(z)][u, v] + f(y)[f(z)[u, v], x] + f(z)[x, f(y)[u, v]],
(A3) := y[f(z), f(x)][u, v] + f(z)[f(x)[u, v], y] + f(x)[y, f(z)[u, v]],
(A4) := z[f(x), f(y)][u, v] + f(x)[f(y)[u, v], z] + f(y)[z, f(x)[u, v]],
(A5) := −f(u)[v, f(x)[y, z]]− v[f(x), f(u)][y, z] + f(x)[f(u)[v, y], z]
+f(x)[y, f(u)[v, z]],
(A6) := −f(u)[v, f(y)[z, x]]− v[f(y), f(u)][z, x] + f(y)[f(u)[v, z], x]
+f(y)[z, f(u)[v, x]],
(A7) := −f(u)[v, f(z)[x, y]]− v[f(z), f(u)][x, y] + f(z)[f(u)[v, x], y]
+f(z)[x, f(u)[v, y]],
(A8) := f(v)[f(x)[y, z], u]− u[f(v), f(x)][y, z] + f(x)[f(v)[y, u], z]
+f(x)[y, f(v)[z, u]],
(A9) := f(v)[f(y)[z, x], u]− u[f(v), f(y)][z, x] + f(y)[f(v)[z, u], x]
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+f(y)[z, f(v)[x, u]],
(A10) := f(v)[f(z)[x, y], u]− u[f(v), f(z)][x, y] + f(z)[f(v)[x, u], y]
+f(z)[x, f(v)[y, u]].
By Eq. (6), we have (A1) = 0.
By Eqs. (2) and (6), we have
x[f(y), f(z)][u, v] = x([f(y)[u, v], f(z)] + [f(y), f(z)[u, v]])
+(f(y)[f(z), x] + f(z)[x, f(y)])[u, v].
By Eq. (6) again, we have
(A2) = f(z)[x, f(y)[u, v]] + f(y)[f(z)[u, v], x] + x([f(y)[u, v], f(z)]
+[f(y), f(z)[u, v]]) + (f(y)[f(z), x] + f(z)[x, f(y)])[u, v]
= 0.
Similarly, we have (A3) = (A4) = 0.
By Eq. (7), we have
(A5) = −f(u)[v, f(x)[y, z]]− v[f(x), f(u)][y, z]− f(x)[f(u)[y, z], v].
Therefore due to the identity (A2) = 0, we show that (A5) = 0. Similarly, (A6) = (A7) =
(A8) = (A9) = (A10) = 0. Hence (L, [ , , ]) is a 3-Lie algebra. 
Remark 4.11. In general, under the same condition in Theorem 4.10, (L, ·, [ , , ]) is not
a transposed Poisson 3-Lie algebra. In fact, it is a transposed Poisson 3-Lie algebra if and
only f satisfies an additional condition
(f(u)− u)(f(x)[y, z] + f(y)[z, x] + f(z)[x, y]) = 0, ∀u, x, y, z ∈ L.
Corollary 4.12. Let (L, ·) be a commutative associative algebra and D be derivation. Let
(L, [ , ]) be the Lie algebra defined by Eq. (28). If f is an involutive endomorphism and
Df = −fD, then Eq. (44) holds. Hence there is a 3-Lie algebra (L, [ , , ]) defined by
Eq. (45). Moreover,
[x, y, z] = f(x)[y, z] + f(y)[z, x] + f(x)[y, z]
= det

D(x) D(y) D(z)f(x) f(y) f(z)
x y z


= (D ∧ f ∧ Id)(x, y, z), ∀x, y, z ∈ L.
Proof. For all x, y ∈ L, we have
f([x, y]) = f(xD(y)− yD(x)) = f(x)fD(y)− f(y)fD(x) = −[f(x), f(y)].
Hence by Theorem 4.10, (L, [ , , ]) defined by Eq. (45) is a 3-Lie algebra. The other
conclusion follows immediately. 
This construction of 3-Lie algebras recovers [5, Theorem 3.3] which was obtained by a
direct verification.
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4.3. From Poisson algebras to transposed Poisson 3-Lie algebras. In addition to
Proposition 4.4, there is another construction of 3-Lie algebras from Poisson algebras.
Proposition 4.13. [17] Let (L, ·, [ , ]) be a strong Poisson algebra. Define
[x, y, z] = x[y, z] + y[z, x] + z[x, y], ∀x, y, z ∈ L. (46)
Then (L, [ , , ]) is a 3-Lie algebra satisfying Eq. (35).
Let (L, ·, [ , ]) be a Poisson algebra. Suppose that the ternary operation [ , , ] defined
by Eq. (46) gives a 3-Lie algebra (L, [ , , ]). A natural question is whether the triple
(L, ·, [ , , ]) is a Poisson 3-Lie algebra. We show that the triple is in fact a transposed
Poisson 3-Lie algebra. Indeed, as we will see in Remark 4.18, the triple is a Poisson 3-Lie
algebra only under strict conditions.
Theorem 4.14. Let (L, ·, [ , ]) be a Poisson algebra. If Eq. (46) defines a 3-Lie algebra
(L, [ , , ]), then (L, ·, [ , , ]) is a transposed Poisson 3-Lie algebra. In particular, if
(L, ·, [ , ]) is a strong Poisson algebra, then the 3-Lie algebra (L, [ , , ]) obtained in
Proposition 4.13 gives a transposed Poisson 3-Lie algebra (L, ·, [ , , ]).
Proof. Let u, x, y, z ∈ L. Then we have
[ux, y, z] = ux[y, z] + y[z, ux] + z[ux, y]
= ux[y, z] + yu[z, x] + yx[z, u] + zu[x, y] + zx[u, y],
[x, uy, z] = xu[y, z] + xy[u, z] + uy[z, x] + zu[x, y] + zy[x, u],
[x, y, uz] = xu[y, z] + xz[y, u] + yu[z, x] + yz[u, x] + uz[x, y].
Taking the sum of the three identities above, we get
[ux, y, z] + [x, uy, z] + [x, y, uz] = 3u(x[y, z] + y[z, x] + z[x, y])
= 3u[x, y, z].
Hence (L, ·, [ , , ]) is a transposed Poisson 3-Lie algebra. 
Example 4.15. Here is an interesting instance where we can compare the construction of
a 3-Lie algebra from a strong Poisson algebra by Proposition 4.13 (and Theorem 4.14) with
the construction of a 3-Lie algebra from a transposed Poisson algebra by Corollary 4.6.
Let (L, ·) be a commutative associative algebra and D1, D2 be two commutating deriva-
tions. On the one hand, the derivations D1, D2 on (L, ·) gives a Lie algebra (L, [ , ]) by
Eq. (4) in Example 2.1, turning (L, ·, [ , ]) into a strong Poisson algebra (see the remark
after Definition 4.2), which in turn gives rise to the 3-Lie algebra in Eq. (46). On the
other hand, the derivation D1 on (L, ·) gives a transposed Poisson algebra (L, ·, [ , ]) by
Corollary 3.4, which then gives rise to a transposed Poisson 3-Lie algebra by Eq. (42). The
two constructions of 3-Lie algebras coincide since in either case, the 3-Lie algebra is defined
by
[x, y, z] = Id ∧ (D1 ∧D2)(x, y, z) = (Id ∧D1) ∧D2(x, y, z), ∀x, y, z ∈ L.
Remark 4.16. Let (L, ·, [ , ]) be a Poisson algebra. If the strongness condition Eq. (9) is
replaced by Eq. (7), that is, the following equation holds,
[h[x, y], z] + [h[y, z], x] + [h[z, x], y] = 0, ∀h, x, y, z ∈ L, (47)
then Eq. (46) still defines a 3-Lie algebra by a straightforward proof.
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Moreover, in this case, the triple (L, ·, [ , , ]) is also a transposed Poisson 3-Lie algebra.
One can show that for a Poisson algebra, Eq. (7) follows from Eq. (9). Note that for a
transposed Poisson algebra, both Eqs. (7) and (9) hold automatically.
Similar to Proposition 2.11, we have
Proposition 4.17. Let (L, ·) be a commutative associative algebra and (L, [ , , ]) be a
3-Lie algebra. Then (L, ·, [ , , ]) is both a Poisson 3-Lie and a transposed Poisson 3-Lie
algebra if and only if
u[x, y, z] = [ux, y, z] = 0, ∀u, x, y, z ∈ L. (48)
Proof. (=⇒) Let u, x, y, z ∈ L. Substituting Eq. (34) into Eq. (43), we have
x[u, y, z] + y[u, z, x] + z[u, x, y] = 0.
Substituting Eq. (43) again into the above equation, we have
[ux, y, z] + [x, uy, z] + [x, y, uz] = 0.
The left hand side of the above is exactly 3u[x, y, z]. Therefore we have u[x, y, z] = 0. Hence
[ux, y, z] = 0.
(⇐=) It is obvious. 
Putting Theorem 4.14 and Proposition 4.17 together, we obtain
Remark 4.18. Let (L, ·, [ , ]) be a Poisson algebra and let [ , , ] be the ternary operation
defined in Eq. (46). Then the triple (L, ·, [ , , ]) is a transposed Poisson algebra by Theo-
rem 4.14. If the triple is also a Poisson 3-Lie algebra, then according to Proposition 4.17,
it is necessary that Eq. (48) holds, that is, all the mixed products of · and [ , , ] are trivial.
In particular, if (L, ·, [ , ]) is a strong Poisson algebra, then the 3-Lie algebra (L, [ , , ])
defined by Eq. (46) gives rise to a Poisson 3-Lie algebra (L, ·, [ , , ]) only if Eq. (48) holds.
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